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COHOMOLOGY MONOIDS OF MONOIDS WITH COEFFICIENTS IN
SEMIMODULES II
ALEX PATCHKORIA
Abstract. We relate the old and new cohomology monoids of an arbitrary monoid M with
coefficients in semimodules over M , introduced in the author’s previous papers, to monoid and
group extensions. More precisely, the old and new second cohomology monoids describe Schreier
extensions of semimodules by monoids, and the new third cohomology monoid is related to a
certain group extension problem.
1. Introduction
In [12, 13], in order to give a cohomological description of Schreier extensions of semimodules
by monoids, we introduced cohomology monoids of an arbitrary monoid M with coefficients in
semimodules over M . Later, in [8], developing the basic idea of Sweedler’s two-cocycles of [21],
Haile, Larson and Sweedler introduced the same cohomology monoids (in the case where M is a
group) as a generalization of the usual Amitsur and Galois cohomology groups. Next, in [15, 16, 17]
we developed a version of homological algebra for semimodules which has many advantages over
the old one, used in [12, 13, 8], from the point of view of applications in algebraic topology (see
[15, 16, 18] for details). The new version of homological algebra for semimodules gave rise to
new cohomology monoids of an arbitrary monoid M with coefficients in semimodules over M . In
[18], we introduced these cohomology monoids and showed that they are more adequate for actual
computations. In particular, we calculated them in the case where M is a finite cyclic group by
using the technique of free resolutions.
Let M be a monoid and A a (left) M -semimodule, and let H n(M,A) and Hn(M,A) denote,
respectively, the old and new cohomology monoids with coeffcients in theM -semimodule A. In the
present paper, we relateH2(M,A) to Schreier extensions of A byM . A cohomological classification
of Schreier extensions of A by M via H 2(M,A), which is part of the author’s unpublished thesis
[14], is also given. The paper is completed with an application of H3(Π, A), where Π is a group
and A a Π-semimodule, to a certain group extension problem.
2. Preliminaries
A semiring Λ = (Λ,+ , 0, · , 1) is an algebraic structure in which (Λ,+ , 0) is an abelian monoid,
(Λ, · , 1) a monoid, and
λ · (λ′ + λ′′) = λ · λ′ + λ · λ′′,
(λ′ + λ′′) · λ = λ′ · λ+ λ′′ · λ,
λ · 0 = 0 · λ = 0
for all λ, λ′, λ′′ ∈ Λ (see e.g. [5]).
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Let Λ be a semiring. An abelian monoid A = (A,+ , 0) together with a map Λ × A −→ A,
written as (λ, a) 7→ λa, is called a (left) Λ-semimodule if
λ(a+ a′) = λa+ λa′,
(λ+ λ′)a = λa+ λ′a,
(λ · λ′)a = λ(λ′a),
1a = a, 0a = 0
for all λ, λ′ ∈ Λ and a, a′ ∈ A. It immediately follows that λ0 = 0 for any λ ∈ Λ.
A map f : A −→ B between Λ-semimodules A and B is called a Λ-homomorphism if f(a+a′) =
f(a)+f(a′) and f(λa) = λf(a) for all a, a′ ∈ A and λ ∈ Λ. It is obvious that any Λ-homomorphism
carries 0 into 0.
A Λ-subsemimodule A of a Λ-semimodule B is a subsemigroup of (B,+) such that λa ∈ A for
all a ∈ A and λ ∈ Λ. Clearly, 0 ∈ A.
Let N be the semiring of nonnegative integers. An N-semimodule A is simply an abelian
monoid, an N-homomorphism f : A −→ B is just a homomorphism of abelian monoids, and C
is an N-subsemimodule of an N-semimodule D if and only if C is a submonoid of the monoid
(D,+ , 0).
An equivalence relation ρ on a Λ-semimodule A is said to be a congruence if it preserves the Λ-
semimodule structure (i.e., aρa′ and bρb′ in A imply (a+b)ρ(a′+b′) and (λa)ρ(λa′) for all λ ∈ Λ). In
this case, the quotient set A/ρ is in fact a Λ-semimodule (cl(a)+cl(a′) = cl(a+a′), λcl(a) = cl(λa)
for all a, a′ ∈ A and λ ∈ Λ), called the quotient Λ-semimodule of A by ρ.
Next recall that the group completion of an abelian monoid S can be constructed in the following
way. Define an equivalence relation ∼ on S × S as follows:
(u, v) ∼ (x, y)⇔ u+ y + z = v + x+ z for some z ∈ S.
Let [u, v] denote the equivalence class of (u, v). The quotient set (S × S)/∼ with the addition
[x1, y1] + [x2, y2] = [x1 + x2, y1 + y2] is an abelian group (0 = [x, x], −[x, y] = [y, x]). This group,
denoted by K(S), is the group completion of S, and kS : S −→ K(S) defined by kS(x) = [x, 0]
is the canonical homomorphism. If S is a semiring, then the multiplication [x1, y1] · [x2, y2] =
[x1x2 + y1y2, x1y2 + y1x2] converts K(S) into the ring completion of the semiring S, and kS into
the canonical semiring homomorphism. Now assume that A is a Λ-semimodule. Then K(A,+, 0)
with the multiplication [λ1, λ2][a1, a2] = [λ1a1+λ2a2, λ1a2+λ2a1], λ1, λ2 ∈ Λ, a1, a2 ∈ A, becomes
a K(Λ)-module. This K(Λ)-module, denoted by K(A), is the K(Λ)-module completion of the Λ-
semimodule A, and kA = k(A,+,0) is the canonical Λ-homomorphism. Clearly, K(A) is an additive
functor: for any homomorphism f : A −→ B of Λ-semimodules, K(f) : K(A) −→ K(B) defined
by K(f)([a1, a2]) = [f(a1), f(a2)] is a K(Λ)-homomorphism.
A Λ-semimodule A is said to be cancellative if whenever a + a′ = a + a′′, a, a′, a′′ ∈ A,
one has a′ = a′′. Obviously, A is cancellative if and only if the canonical Λ-homomorphism
kA : A −→ K(A) is injective. Consequently, for a cancellative Λ-semimodule A, one may assume
that A is a Λ-subsemimodule of K(A), and that each element b of K(A) is a difference of two
elements from A, i.e., b = a1 − a2, where a1, a2 ∈ A.
A Λ-semimodule A is called a Λ-module if (A,+, 0) is an abelian group. One can easily see that
A is a Λ-module if and only if A is a K(Λ)-module. Hence, if A is a Λ-module, then K(A) = A
and kA = 1A. For a Λ-semimodule A, by U(A) we denote the maximal Λ-submodule of A, i.e.,
U(A) = {a ∈ A | a+ a′ = 0 for some a′ ∈ A}.
Let M be a multiplicatively written monoid. The free abelian monoid N[M ] generated by the
elements x ∈ M consists of the formal sums
∑
x∈M
nxx, where nx ∈ N and all but a finite number
of the nx are zero. The product in M induces a product∑
x∈M
nxx ·
∑
y∈M
n′yy =
∑
x,y∈M
(nxn
′
y)xy
2
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of two such sums, and makes N[M ] a semiring, the monoid semiring ofM with nonnegative integer
coefficients. Semimodules over N[M ] are called M -semimodules.
3. Cohomology monoids
The main purpose of this section is to recall from [18] the notion of cohomology monoids with
coefficients in semimodules.
Definition 3.1 ([15]). We say that a sequence of Λ-semimodules and Λ-homomorphisms
X : · · · //// Xn+1
∂
+
n+1 //
∂
−
n+1
// Xn
∂+n //
∂−n
// Xn−1
//// · · · , n ∈ Z,
written X = {Xn, ∂+n , ∂
−
n } for short, is a chain complex if
∂+n ∂
+
n+1 + ∂
−
n ∂
−
n+1 = ∂
+
n ∂
−
n+1 + ∂
−
n ∂
+
n+1
for each integer n. For every chain complex X , we define the Λ-semimodule
Zn(X) =
{
x ∈ Xn | ∂
+
n (x) = ∂
−
n (x)
}
,
the n-cycles, and the n-th homology Λ-semimodule
Hn(X) = Zn(X)/ρn(X),
where ρn(X) is a congruence on Zn(X) defined as follows:
x ρn(X) y ⇔ x+ ∂
+
n+1(u) + ∂
−
n+1(v) = y + ∂
+
n+1(v) + ∂
−
n+1(u)
for some u, v in Xn+1.
The Λ-homomorphisms ∂+n , ∂
−
n are called differentials of the chain complex X .
Definition 3.2 ([15]). Let X = {Xn, ∂+n , ∂
−
n } and X
′ = {X ′n, ∂
′
n
+
, ∂
′
n
−
} be chain complexes of
Λ-semimodules. We say that a sequence f = {fn} of Λ-homomorphisms fn : Xn −→ X ′n is a
±-morphism from X to X ′ if
fn−1∂
+
n = ∂
′
n
+
fn and fn−1∂
−
n = ∂
′
n
−
fn for all n.
If f = {fn} : X −→ X ′ is a ±-morphism of chain complexes, then fn(Zn(X)) ⊂ Zn(X ′), and
the map
Hn(f) : Hn(X) −→ Hn(X
′), Hn(f)(cl(x)) = cl(fn(x)),
is a homomorphism of Λ-semimodules. Thus Hn is a covariant additive functor from the category
of chain complexes and their ±-morphisms to the category of Λ-semimodules.
3.3 ([15]). A cochain complex is a sequence of Λ-semimodules and Λ-homomorphisms
Y = {Y n, δn+, δ
n
−} : · · ·
//// Y n−1
δ
n−1
+ //
δ
n−1
−
// Y n
δn+ //
δn
−
// Y n+1 //// · · ·
with
δn+δ
n−1
+ + δ
n
−δ
n−1
− = δ
n
+δ
n−1
− + δ
n
−δ
n−1
+
for all n. One obviously defines the n-cocycles of Y , the n-th cohomology Λ-semimodule Hn(Y ),
a ±-morphism g : Y −→ Y ′ of cochain complexes and the induced Λ-homomorphism Hn(g) :
Hn(Y ) −→ Hn(Y ′). Clearly, Hn is a covariant additive functor on the category of cochain
complexes and their ±-morphisms with values in the category of Λ-semimodules.
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3.4 ([15]). A sequence G = {Gn, dn+, d
n
−} of Λ-modules and Λ-homomorphisms is a cochain com-
plex if and only if
{Gn, dn+ − d
n
−} : · · · // G
n
dn+−d
n
−// Gn+1 // · · ·
is an ordinary cochain complex of Λ-modules. Obviously, for any cochain complexG = {Gn, dn+, d
n
−}
of Λ-modules, H∗(G) coincides with the usual cohomology H∗({Gn, dn+ − d
n
−}).
3.5 ([16]). If X = {Xn, δn+, δ
n
−} is a cochain complex of Λ-semimodules, then
K(X) : · · · // K(Xn−1)
K(δn−1
+
)−K(δn−1
−
)
// K(Xn)
K(δn+)−K(δ
n
−
)
// K(Xn+1) // · · ·
is an ordinary cochain complex of K(Λ)-modules (i.e., Λ-modules) by 3.4. When each Xn is
cancellative, then the converse is also true. Further, for any cochain complex X = {Xn, δn+, δ
n
−}
of Λ-semimodules, the canonical ±-morphism kX = {kXn : Xn −→ K(Xn)} from X to the
cochain complex {K(Xn),K(δn+),K(δ
n
−)} induces the Λ-homomorphisms H
n(kX) : H
n(X) −→
Hn(K(X)), Hn(kX)(cl(x)) = cl(kXn(x)) = cl[x, 0]. If X is a cochain complex of cancellative
Λ-semimodules, then Hn(kX) is injective and therefore H
n(X) is a cancellative Λ-semimodule for
each n.
3.6. In [13] and [8], another construction of cohomology of a cochain complex X = {Xn, δn+, δ
n
−}
is used, namely,
H
n(X) = Zn(X)/ρ˜ n(X), n ∈ Z,
where Zn(X) =
{
x ∈ Xn | δn+(x) = δ
n
−(x)
}
and a congruence ρ˜ n(X) on the Λ-semimodule Zn(X)
is defined by
x ρ˜ n(X) y ⇔ x = y + δn−1+ (w) − δ
n−1
− (w) for some w in U(X
n−1).
Now let us recall the definition of the cohomology monoids introduced in [18].
Let M be a monoid and A be a (left) M -semimodule. Define
Fn(M,A) = {f : Mn −→ A | f(x1, · · · , xj−1, 1, xj+1, · · · , xn) = 0, j = 1, 2, · · · , n}, n ≥ 0.
Clearly, Fn(M,A), together with the usual addition of functions, is an abelian monoid. Next,
define monoid homomorphisms dn−, d
n
+ : F
n(M,A) −→ Fn+1(M,A) as follows:
(dn±f)(x1, · · · , xn+1) = 0, n ≥ 0, if any xj = 1, j = 1, 2, · · · , (n+ 1).
If each xj 6= 1, j = 1, 2, · · · , (n+ 1), then
(d2k+ f)(x1, · · · , x2k+1) =
k∑
i=1
f(x1, · · · , x2i−1x2i, · · · , x2k+1) + f(x1, · · · , x2k), k ≥ 0,
(d2k− f)(x1, · · · , x2k+1) = x1f(x2, · · · , x2k+1) +
k∑
i=1
f(x1, · · · , x2ix2i+1, · · · , x2k+1), k ≥ 0,
(d2k−1+ f)(x1, · · · , x2k) = x1f(x2, · · · , x2k)+
+
k−1∑
i=1
f(x1, · · · , x2ix2i+1, · · · , x2k) + f(x1, · · · , x2k−1), k ≥ 1,
(d2k−1− f)(x1, · · · , x2k) =
k∑
i=1
f(x1, · · · , x2i−1x2i, · · · , x2k), k ≥ 1.
It is easy to see that
dn+d
n−1
+ + d
n
−d
n−1
− = d
n
+d
n−1
− + d
n
−d
n−1
+
4
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for all n ≥ 1. In other words, the sequence
F (M,A) : 0
//// F 0(M,A)
d0+ //
d0
−
// F 1(M,A) //// · · · // // Fn(M,A)
dn+ //
dn
−
// Fn+1(M,A) //// · · ·
is a nonnegative cochain complex of abelian monoids. The (normalized) n-th cohomology monoid
Hn(M,A) of M with coefficients in the M -semimodule A is defined by
Hn(M,A) = Hn(F (M,A)), n ≥ 0.
It is obvious that any homomorphism α : A −→ B of M -semimodules induces a ±-morphism
F (M,α) : F (M,A) −→ F (M,B), Fn(M,α)(f : Mn −→ A) = αf . Consequently, Hn(M,−) is a
covariant additive functor from the category ofM -semimodules to the category of abelian monoids
(see 3.3).
3.7. As special cases, we have
H0(M,A) = {a ∈ A | xa = a for all x ∈M};
H1(M,A) = {f : M −→ A | f(1) = 0 and xf(y) + f(x) = f(xy) for all x, y ∈M}/ρ1,
fρ1f ′ ⇔ ∃ a1, a2 ∈ A : f(x) + xa1 + a2 = f
′(x) + xa2 + a1 for all x ∈M ;
H2(M,A) = {f : M ×M −→ A | f(x, 1) = 0 = f(1, y) and
xf(y, z) + f(x, yz) = f(xy, z) + f(x, y) for all x, y, z ∈M}/ρ2,
fρ2f ′ ⇔ ∃ g1, g2 : M −→ A : g1(1) = 0 = g2(1) and f(x, y) + xg1(y) + g1(x) + g2(xy) =
= f ′(x, y) + xg2(y) + g2(x) + g1(xy) for all x, y ∈M.
3.8. The cohomology monoids introduced in [13] and [8] (see the introduction of this paper) are
defined as follows. Let M be a monoid and A an M -semimodule. Define
H
n(M,A) =
{
f ∈ Fn(M,A) | dn+(f) = d
n
−(f)
}
/ρ˜ n, n ≥ 0,
where ρ˜ n is a congruence given by
f ρ˜ nf ′ ⇔ f = f ′ + dn−1+ (g)− d
n−1
− (g) for some g in U(F
n−1(M,A)) = Fn−1(M,U(A))
(see 3.6). In particular, if f and f ′ are 2-cocycles, then f ρ˜ 2f ′ if and only if there is a function
g : M −→ U(A) with g(1) = 0 such that
f(x, y) = f ′(x, y) + xg(y)− g(xy) + g(x)
for all x, y ∈M .
3.9. Let A be an M -module, i.e., a module over K(N[M ]) = Z[M ], the integral monoid ring of
the monoid M . Then the cohomology monoids Hn(M,A) and H n(M,A) both coincide with the
n-th cohomology group of the nonnegative ordinary cochain complex {Fn(M,A), dn+ − d
n
−} of
abelian groups (see 3.4), that is, with the n-th Eilenberg-Mac Lane cohomology group of M with
coefficients in the M -module A.
3.10. If A is a cancellative M -semimodule, then Hn(M,A) is a cancellative abelian monoid
for each n. Moreover, for any cancellative M -semimodule A, the homomorphism Hn(M,kA) :
Hn(M,A) −→ Hn(M,K(A)) induced by the inclusion kA : A →֒ K(A) is injective (cf. 3.5).
5
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For any M -semimodule A, one has a commutative diagram of abelian monoids and monoid
homomorphisms
H n(M,A)
knA //
jn ''❖❖
❖❖
❖❖
❖❖
❖❖
❖
Hn(M,K(A))
Hn(M,A),
Hn(M,kA)
77♥♥♥♥♥♥♥♥♥♥♥♥
(3.11)
where Hn(M,kA), j
n and knA are defined by
Hn(M,kA)(cl(f)) = cl(kAf), j
n(cl(f)) = cl(f), knA(cl(f)) = cl(kAf).
Clearly, jn is a surjection. If A is a cancellative M -semimodule, then Hn(M,kA) is an injection
by 3.10, and if A is an M -module, then all three maps are identity homomorphisms by 3.9.
The cohomology monoids H n(M,A) are adequate for many applications (see e.g. [1, 6, 7,
8, 12, 13]), but difficult to compute in general (see Remark 2.7 of [18]). Unlike H n(M,A), the
cohomology monoids Hn(M,A) can be introduced, as shown in [18], by using an M -semimodule
analog of the classical normalized bar resolution. This enables one to use the technique of free
resolutions when calculating Hn(M,A), and therefore Hn(M,A) is more computable alternative
to H n(M,A). In particular, we have
Theorem 3.12 ([18]). Let Cm(t) be the multiplicative cyclic group of order m on generator t. If
A is a cancellative Cm(t)-semimodule, then
H0(Cm(t), A) ∼= {a ∈ A | ta = a},
H2k(Cm(t), A) ∼= H
2k(Cm(t),K(A)), k > 0,
H2k+1(Cm(t), A) ∼= {a ∈ U(A) | (1 + t+ · · ·+ t
m−1)a = 0}/(U(A) ∩ (t− 1)K(A)), k ≥ 0.
Below, in Section 5, we need to know that there exists a cancellative Π-semimodule A, with
Π a group, such that H3(Π, A) = 0 while H3(Π, U(A)) and H3(Π,K(A)) both do not vanish.
Therefore we conclude this section with
Example 3.13. Let m be a positive integer greater than 1, Z/mZ the additive group of integers
modulo m, N the additive monoid of non-negative integers, and let D be a cancellative abelian
monoid with U(D) = 0 and satisfying the following condition: there are d1, d2 ∈ D such that
d1 6= d2 and md1 = md2. (Example of D: (N⊕Z/mZ)\{(0, 1+mZ), (0, 2+mZ), · · · , (0, (m−1)+
mZ)},m(1,mZ) = m(1, 1 +mZ).) Define an action of Cm(t) on the cancellative abelian monoid
A = D ⊕ N⊕ Z/mZ as follows:
ti(d, n, p+mZ) = (d, n, in+ p+mZ), d ∈ D, n ∈ N, i, p ∈ Z.
If ti = tj and p + mZ = q + mZ, i.e., i − j = rm and p − q = sm, r, s ∈ Z, then jn + q +
mZ = (i − rm)n + p − sm + mZ = in + p − (rn + s)m + mZ = in + p + mZ. Hence, the
action is well defined. Furthermore, A is a Cm(t)-semimodule under this action. The induced
actions on U(A) = Z/mZ and K(A) = K(D) ⊕ Z ⊕ Z/mZ are obvious: Cm(t) acts on U(A)
trivially, and on K(A) by ti(c, z, p + mZ) = (c, z, iz + p + mZ). It is easy to check that
{b ∈ K(A) | (1+ t+ · · ·+ tm−1)b = 0} = {c ∈ K(D) | mc = 0}⊕Z/mZ and (t− 1)K(A) = Z/mZ.
Consequently,
H2k+1(Cm(t), U(A)) = H
2k+1(Cm(t),Z/mZ) = Z/mZ, k ≥ 0,
H2k+1(Cm(t),K(A)) = {b ∈ K(A) | (1 + t+ · · ·+ t
m−1)b = 0}/(t− 1)K(A) =
= {c ∈ K(D) | mc = 0}, k ≥ 0,
and, by 3.12,
H2k+1(Cm(t), A) = {a ∈ U(A) | ma = 0}/(Z/mZ) = 0, k ≥ 0.
6
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Clearly, H2k+1(Cm(t),K(A)) 6= 0 since d1 − d2 ∈ K(D), d1 − d2 6= 0 and m(d1 − d2) = 0. Thus,
H2k+1(Cm(t), U(A)) 6= 0, H
2k+1(Cm(t),K(A)) 6= 0, and H
2k+1(Cm(t), A) = 0, k ≥ 0.
4. Schreier extensions of semimodules by monoids
Let M be a monoid and A a (left) M -semimodule. In this section we first give a cohomological
classification of Schreier extensions of A by M via H 2(M,A), which is part of the author’s
unpublished thesis [14]. Then, in the rest of the section, a relationship between H2(M,A) and
Schreier extensions of A by M is described.
Definition 4.1 ([19, 9, 20]). A sequence E : A //
κ // B
σ // // M of (not necessarily abelian)
monoids and monoid homomorphisms is called a (right) Schreier extension of A by M (some
authors would say “M by A”) if the following conditions hold:
(1) κ is injective, σ is surjective, and κ(A) = Ker(σ) (Ker(σ) = {b ∈ B|σ(b) = 1}).
(2) For any x ∈M , σ−1(x) contains an element ux such that for any b ∈ σ−1(x) there exists
a unique element a ∈ A with b = κ(a)+ux (the monoid composition in A and B is written
as addition).
The elements ux, x ∈M , are called representatives of the extension E : A //
κ // B
σ // // M .
It follows in particular that σ is a cokernel of κ.
Example 4.2. Let N be the additive monoid of non-negative integers and let Cm(t), as above,
denote the multiplicative cyclic group of order m on generator t. The sequence of abelian monoids
N //
m¯ // N
p // // Cm(t) , m¯(1) = m, p(1) = t,
is a Schreier extension of N by Cm(t). The set of representatives consists of 0, 1, ...,m− 1.
4.3. Suppose given a Schreier extension of monoids E : A //
κ // B
σ // // M and a representative
ux ∈ B. It follows from the above definition that an element b ∈ σ−1(x) serves as a representative of
E if and only if there is a ∈ U(A) such that b = κ(a)+ux. In particular, if E : A //
κ // B
σ // //M
is a Schreier extension with A a group, then any b ∈ B is a representative of the extension E.
4.4. A morphism from E : A //
κ // B
σ // // M to E′ : A′ //
κ′ // B′
σ′ // // M ′ is a triple of
monoid homomorphisms (α, β, γ) such that
E : A
α

// κ // B
σ // //
β

M
γ

E′ : A′ //
κ′ // B′
σ′ // // M ′
is a commutative diagram, and β preserves representatives, that is, for any representative ux of
E, β(ux) is a representative of E
′. It follows from 4.3 that β in the above commutative diagram
preserves representatives if and only if for each x ∈ M there exists a representative ux ∈ σ−1(x)
whose image under β is a representative of E′.
Proposition 4.5. Let (α, β, γ) be a morphism from a Schreier extension E : A //
κ // B
σ // //M
to a Schreier extension E′ : A′ //
κ′ // B′
σ′ // //M ′ . Then:
(a) If α and γ are injective homomorphisms, so is β.
(b) If α and γ are surjective homomorphisms, so is β.
(c) If α and γ are isomorphisms, so is β.
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Proof. (a) Suppose β(b1) = β(b2). Then γσ(b1) = σ
′β(b1) = σ
′β(b2) = γσ(b2), whence σ(b1) =
σ(b2). Consequently, b1 = κ(a1) + ux and b2 = κ(a2) + ux, where a1, a2 ∈ A, x = σ(b1) and
ux is a representative of the extension E. Next, κ
′α(a1) + β(ux) = βκ(a1) + β(ux) = β(κ(a1) +
ux) = β(b1) = β(b2) = β(κ(a2) + ux) = βκ(a2) + β(ux) = κ
′α(a2) + β(ux). Since β preserves
representatives, it follows that α(a1) = α(a2), whence a1 = a2. Thus b1 = b2.
(b) Let b′ ∈ B′. Take an element x of M with γ(x) = σ′(b′) and a representative ux of the
extension E. As σ′(b′) = γσ(ux) = σ
′β(ux) and β(ux) is a representative of E
′, there exists a
(unique) element a′ of A′ with b′ = κ′(a′) + β(ux). Then, since a
′ = α(a) for some a ∈ A, one has
b′ = κ′α(a) + β(ux) = βκ(a) + β(ux) = β(κ(a) + ux).
Clearly (a) and (b) together yield (c). 
This proposition generalizes the Schreier split short five lemma of [2] on the one hand, and the
short five lemma for Schreier extensions of abelian monoids, proved in [14], on the other hand.
Two Schreier extensions E : A // // B // // M and E′ : A // // B′ // // M are congru-
ent, E ≡ E′, if there exists a monoid homomorphism β : B −→ B′ such that the diagram
E : A
1
A
// // B // //
β

M
1
M
E′ : A // // B′ // // M
commutes and β carries representatives to representatives, i.e., (1A, β, 1M ) is a morphism from E
to E′. By Proposition 4.5(c), β is an isomorphism. Consequently, congruence of extensions is a
reflexive, symmetric and transitive relation.
Definition 4.6 ([12]). Let A be an M -semimodule and E : A //
κ // B
σ // // M a sequence of
monoids and monoid homomorphisms. We say that E is a Schreier extension of the M -semimodule
A by the monoid M if the following conditions hold:
(1) E is a Schreier extension of monoids.
(2) b+ κ(a) = κ(σ(b)a) + b for all a ∈ A and b ∈ B.
Two Schreier extensions of an M -semimodule A by M are congruent if they are congruent as
Schreier extensions of monoids.
For a givenM -semimodule A, there is at least one Schreier extension of A by M , the semidirect
product extension
0 : A //
ι // A⋊M
pi // // M , ι(a) = (a, 1), π(a, x) = x
((a, x) serves as a representative if and only if a ∈ U(A)).
Note that a Schreier extension E : A //
κ // B
σ // // M is congruent to the semidirect product
extension of A by M if and only if there is a monoid homomorphism ν : M −→ B such that
σν = 1 and ν(x) is a representative of E for each x ∈M [14, Proposition 5.4].
Proposition 4.7 ([14, Lemma 5.6]). Let M be a monoid and E : A //
κ // B
σ // // M a Schreier
extension of an M -semimodule A by M , and let α : A −→ A′ be a homomorphism of M -
semimodules. Then:
(i) There exists a Schreier extension αE : A′ //
κ′ // B′
σ′ // // M and a morphism
E : A
α

// κ // B
σ // //
β

M
1
M
αE : A′ //
κ′ // B′
σ′ // // M
of extensions.
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(ii) If E′ : A′ //
κ′′ // B′′
σ′′ // // M is another Schreier extension of A′ by M with a morphism
E : A
α

// κ // B
σ // //
β′

M
1
M
E′ : A′ //
κ′′ // B′′
σ′′ // // M
of extensions, then E′ ≡ αE.
Proof. (i) To each x in M choose a representative ux of the extension E. In particular, choose
u1 = 0. Regard A
′ as a B-semiodule (ba′ = σ(b)a′) and consider the semidirect product A′ ⋊ B.
Define a relation ρ on the monoid A′⋊B as follows: If (a′1, b1), (a
′
2, b2) ∈ A
′⋊B and b1 = κ(a1)+
uσ(b1), b2 = κ(a2) + uσ(b2), a1, a2 ∈ A, we let ((a
′
1, b1), (a
′
2, b2)) ∈ ρ if and only if uσ(b1) = uσ(b2)
and a′1 + α(a1) = a
′
2 + α(a2). One can easily see that the relation ρ is in fact a congruence on the
monoid A′⋊B. Denote by B′ the quotient monoid (A′⋊B)/ρ and define monoid homomorphisms
κ′ : A′ −→ B′, σ′ : B′ −→ M and β : B −→ B′ by κ′(a′) = cl(a′, 0), σ′(cl(a′, b)) = σ(b) and
β(b) = cl(0, b), respectively. It is straightforward to check that
αE : A′ //
κ′ // B′
σ′ // // M
is a Schreier extension of A′ by M (for each x ∈ M , cl(0, ux) serves as a representative of αE)
and (α, β, 1M ) a morphism from E to αE.
(ii) Define β′′ : B′ −→ B′′ by β′′(cl(a′, b)) = κ′′(a′) + β′(b). Consider (a′1, b1), (a
′
2, b2) ∈ A
′ ⋊B
with b1 = κ(a1) + uσ(b1), b2 = κ(a2) + uσ(b2) and let ((a
′
1, b1), (a
′
2, b2)) ∈ ρ, i.e., uσ(b1) = uσ(b2)
and a′1 + α(a1) = a
′
2 + α(a2). Then κ
′′(a′1) + β
′(b1) = κ
′′(a′1) + β
′(κ(a1) + uσ(b1)) = κ
′′(a′1 +
α(a1)) + β
′(uσ(b1)) = κ
′′(a′2 + α(a2)) + β
′(uσ(b2)) = κ
′′(a′2) + β
′(κ(a2) + uσ(b2)) = κ
′′(a′2) + β
′(b2).
Thus β′′ is well defined. Clearly, β′′ carries 0 into 0. Besides, in view of 4.6(2), we can write
β′′(cl(a′1, b1)) + β
′′(cl(a′2, b2)) = κ
′′(a′1) + β
′(b1) + κ
′′(a′2) + β
′(b2) = κ
′′(a′1) + κ
′′(σ′′(β′(b1))a
′
2) +
β′(b1) + β
′(b2) = κ
′′(a′1) + κ
′′(σ(b1)a
′
2) + β
′(b1) + β
′(b2) = κ
′′(a′1 + σ(b1)a
′
2) + β
′(b1 + b2) =
β′′(cl(a′1+σ(b1)a
′
2, b1+b2)) = β
′′(cl(a′1, b1)+cl(a
′
2, b2)). Hence β
′′ is a homomorphism of monoids.
The commutativity of the diagram
αE :A′
1
A′
// κ
′
// B′
σ′ // //
β′′

M
1
M
E′ : A′ //
κ′′ // B′′
σ′′ // // M
is obvious. Furthermore, β′′ carries representatives to representatives. Indeed, it suffices to note
that β′′(cl(0, ux)) = β
′(ux) is a representative of E
′ for each x ∈M (see 4.4). Hence αE ≡ E′. 
The construction we described in the previous proposition is similar to a construction given in
[11], Theorem 4.1. On the one hand, the construction in [11] is given for a more restricted class
of extensions, since the authors consider Schreier extensions whose kernel is an abelian group. On
the other hand, they proved a stronger universal property, with respect to any homomorphism of
M -modules, and not only with respect to the identity between the kernels.
Proposition 4.7 gives the following implication and congruences
E1 ≡ E2 ⇒ αE1 ≡ αE2,(4.8)
α′(αE) ≡ (α′α)E, 1AE ≡ E.(4.9)
Furthermore, a morphism of semidirect product extensions
0 : A
α

// ι // A⋊M
pi // //
α⋊M

M
1
M
0 : A′ //
ι′ // A′ ⋊M
pi′ // // M
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implies, by Proposition 4.7, that
α0 ≡ 0.(4.10)
Let E (M,A) denote the set of all congruence classes of Schreier extensions of anM -semimodule
A by M . We regard E (M,A) as a pointed set with the distinguished element cl(0). Moreover,
(4.8), (4.9) and (4.10) show that E (M,−) can be regarded as a functor from the category of M -
semimodules to the category of pointed sets (for a homomorphism α : A −→ A′ ofM -semimodules,
E (M,α) : E (M,A) −→ E (M,A′) is defined by E (M,α)(cl(E)) = cl(αE)).
4.11. LetM be a monoid and E : A //
κ // B
σ // // M a Schreier extension of anM -semimodule
A by M . To each x in M choose a representative ux of the extension E. In particular, choose
u1 = 0. Clearly, for each pair x, y ∈M , there is a unique element f(x, y) ∈ A such that
ux + uy = κ(f(x, y)) + uxy.
By 4.6(2), one has
ux + (uy + uz) = κ(xf(y, z) + f(x, yz)) + uxyz.
On the other hand,
(ux + uy) + uz = κ(f(x, y) + f(xy, z)) + uxyz.
Hence,
xf(y, z) + f(x, yz) = f(xy, z) + f(x, y)
for all x, y, z ∈M . Besides, since u1 = 0,
f(x, 1) = 0 = f(1, y)
for all x, y ∈M . Thus, the function f : M ×M −→ A defined above is a 2-cocycle (see 3.7). It is
called a factor set of the extension E.
4.12. Convention. Suppose that f and f ′ are 2-cocycles of a monoid M with coefficients in an
M -semimodule A. We will say that f and f ′ are cohomologous (resp. strongly cohomologous)
if fρ2f ′ (resp. f ρ˜ 2f ′) (see 3.7 and 3.8). It is clear that strongly cohomologous 2-cocycles are
cohomologous. If A is an M -module, then 2-cocycles are cohomologous if and only if they are
strongly cohomologous.
Lemma 4.13. Let M be a monoid and E : A //
κ // B
σ // // M a Schreier extension of an
M -semimodule A by M . Any two factor sets of E are strongly cohomologous.
Proof. Suppose that ux and u
′
x, x ∈M , are two choices of representatives of E with u1 = u
′
1 = 0.
Denote the corresponding factor sets by f and f ′, respectively. It follows from 4.3 that there is a
function g : M −→ U(A) such that ux = κ(g(x)) + u
′
x for all x ∈M . Clearly, g(1) = 0. By 4.6(2),
we have
ux + uy = κ(g(x)) + u
′
x + κ(g(y)) + u
′
y = κ(g(x) + xg(y) + f
′(x, y)) + u′xy.
On the other hand,
ux + uy = κ(f(x, y) + g(xy)) + u
′
xy.
Hence,
f(x, y) = f ′(x, y) + xg(y)− g(xy) + g(x)
for all x, y ∈M . Thus f and f ′ are strongly cohomologous. 
4.14. Since a congruence of Schreier extensions maps representatives to representatives, it is
obvious that congruent Schreier extensions have the same factor sets.
4.15. Suppose that f : M ×M −→ A is a 2-cocycle, that is,
xf(y, z) + f(x, yz) = f(xy, z) + f(x, y) and f(x, 1) = 0 = f(1, y)
for all x, y, z ∈M . Then the set Bf = A×M with composition defined by
(a1, x) + (a2, y) = (a1 + xa2 + f(x, y), xy)
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is an additive monoid with the idendity element (0, 1). Furthermore, it is easy to see that
Ef : A //
κf // Bf
σf // //M , κf (a) = (a, 1), σf (a, x) = x,
is a Schreier extension of the M -semimodule A by the monoid M with the set of representatives
{(a, x) | a ∈ U(A), x ∈M}. In addition, since (0, x) + (0, y) = (f(x, y), 1) + (0, xy), the 2-cocycle
f is one of the factor sets of Ef . Obviously, E0 ≡ 0.
Lemma 4.16. Let f, f ′ : M ×M −→ A be 2-cocycles. If f and f ′ are strongly cohomologous, then
Ef and Ef ′ are congruent.
Proof. By the hypothesis, there exists a function g : M −→ U(A) with g(1) = 0 such that
f(x, y) = f ′(x, y) + xg(y)− g(xy) + g(x)
for all x, y ∈M . Consider a diagram
Ef : A
1
A
// κf // Bf
σf // //
β

M
1
M
Ef ′ : A //
κf′ // Bf ′
σf′ // // M
in which β is defined by β(a, x) = (a + g(x), x). One can easily check that β is a monoid homo-
morphism and the diagram commutes. Furthermore, β preserves representatives. Indeed, by 4.3
and 4.4, we only need to note that β(0, x) = (g(x), x) = (g(x), 1) + (0, x) and g(x) ∈ U(A). Thus,
(1A, β, 1M ) is a morphism of extensions. Hence Ef ≡ Ef ′ . 
4.17. The converse of Lemma 4.16 also holds. Indeed, if Ef ≡ Ef ′ , then f and f ′ are both factor
sets of Ef (see 4.15 and 4.14). Hence, by Lemma 4.13, they are strongly cohomologous.
4.18. Suppose that M is a monoid and E : A //
κ // B
σ // // M a Schreier extension of an M -
semimodule A by M . Suppose further that ux, x ∈M , is a set of representatives of E with u1 = 0
and f : M ×M −→ A the corresponding factor set. Then
Ef : A
1
A
// κf // Bf
σf // //
β

M
1
M
E : A //
κ // B
σ // // M,
where β is defined by β(a, x) = κ(a) + ux, is a morphism of extensions. Hence Ef is congruent to
E.
Theorem 4.19 ([12, 14]). Let M be a monoid. For any M -semimodule A, the map
ζ(M,A) : H 2(M,A) −→ E (M,A), ζ(M,A)(cl(f)) = cl(Ef ),
is a bijection of pointed sets.
Proof. By Lemma 4.16, ζ(M,A) is well-defined. Since E0 ≡ 0, we have ζ(M,A)(cl(0)) = cl(E0) =
cl(0). The map
η(M,A) : E (M,A) −→ H 2(M,A), η(M,A)(cl(E)) = cl(fE),
where fE denotes one of the factor sets of E (see 4.11), is also well-defined by Lemma 4.13 and
4.14. It follows from 4.18 that ζη = 1. Besides, ηζ = 1 (see 4.15). 
If M is a group and A anM -module, then ζ(M,A) turns into the well-known bijection between
the second cohomology group of M with coefficients in A and the set of all congruence classes of
extensions of A by M . In the case where M is a monoid and A an M -module, this theorem is
obtained in [22].
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Remark 4.20. Any Schreier extension of monoids E : A //
κ // B
σ // // M with A a cancella-
tive abelian monoid induces an action ϕ : M −→ End(A) of M on A such that b + κ(a) =
κ(ϕ(σ(b))(a))+b for all a ∈ A and b ∈ B (cf. 4.6). Indeed, whenever κ(a1)+b = κ(a2)+b, a1, a2 ∈
A, b ∈ B, one has a1 = a2. (κ(a1) + b = κ(a2) + b ⇒ κ(a1 + a) + uσ(b) = κ(a2 + a) + uσ(b) ⇒
a1 + a = a2 + a ⇒ a1 = a2.) Therefore, for each pair of elements a ∈ A and b ∈ B, there exists
a unique element a′ ∈ A such that b + κ(a) = κ(a′) + b. (b + κ(a) = κ(a1) + uσ(b) + κ(a) =
κ(a1) + κ(a
′) + uσ(b) = κ(a
′) + κ(a1) + uσ(b) = κ(a
′) + b.) Consequently, each b ∈ B determines a
map θb : A −→ A with b + κ(a) = κ(θb(a)) + b, a ∈ A, which is in fact an endomorphism of A.
Moreover, the map θ : B −→ End(A) defined by θ(b) = θb is a monoid homomorphism satisfying
θκ = 1A. It hence determines the desired homomorphism ϕ : M −→ End(A) with θ = ϕσ (see
remark after Definition 4.1). Thus, Theorem 4.19, in particular, classifies Schreier extensions of a
cancellative abelian monoid A by a monoid M which induce a fixed action ϕ : M −→ End(A) of
M on A.
Now, for an M -semimodule A, we examine the relationship between H2(M,A) and Schreier
extensions of A by M .
Let M be a monoid and let E1 : A //
κ1 // B1
σ1 // // M and E2 : A //
κ2 // B2
σ2 // // M be
Schreier extensions of an M -semimodule A by M . We say that E1 and E2 are similar, E1 ∼ E2,
if there is a Schreier extension S : K(A) //
κ // B
σ // // M of the M -module K(A) by M and
monoid homomorphisms β1 : B1 −→ B and β2 : B2 −→ B such that the diagram
E1 : A //
κ1 //
kA

B1
σ1 // //
β1

M
1
M
S : K(A) //
κ // B
σ // // M
E2 : A //
κ2 //
kA
OO
B2
σ2 // //
β2
OO
M
1
M
is commutative. In other words, E1 ∼ E2 if there is a Schreier extension S : K(A) //
κ // B
σ // //M
and morphisms of extensions (kA, β1, 1M ) : E1 −→ S and (kA, β2, 1M ) : E2 −→ S (see 4.3 and
4.4).
Note that if A is a cancellative M -semimodule, then β1 and β2 in the above commutative
diagram are in fact injective homomorphisms by Proposition 4.5(a).
Proposition 4.21. E1 ∼ E2 if and only if kAE1 ≡ kAE2.
Proof. Suppose that E1 ∼ E2. Then, by Proposition 4.7, S ≡ kAE1 and S ≡ kAE2. Hence kAE1 ≡
kAE2. Conversely, assume that kAE1 ≡ kAE2. That is, we are given a morphism (1K(A), β, 1M ) :
kAE1 −→ kAE2 of extensions. On the other hand, again by Proposition 4.7, there are morphisms
(kA, β1, 1M ) : E1 −→ kAE1 and (kA, β2, 1M ) : E2 −→ kAE2. The latter and the composite
morphism (kA, ββ1, 1M ) : E1 −→ kAE2 show that E1 is similar to E2. 
It immediately follows from this proposition that
E ∼ E, E1 ∼ E2 ⇒ E2 ∼ E1, E1 ∼ E2 ∼ E3 ⇒ E1 ∼ E3,(4.22)
E1 ≡ E2 ⇒ E1 ∼ E2(4.23)
(see (4.8)). Furthermore, (4.23) together with (4.9) and (4.10) implies the following similarities
α′(αE) ∼ (α′α)E, 1AE ∼ E, α0 ∼ 0.(4.24)
Also, for any homomorphism of M -semimodules α : A −→ A′, we have
E1 ∼ E2 ⇒ αE1 ∼ αE2.(4.25)
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Indeed, in view of Proposition 4.21 and (4.8), there is a chain of implications
E1 ∼ E2 ⇒ kAE1 ≡ kAE2 ⇒ K(α)kAE1 ≡ K(α)kAE2 ⇒ kA′αE1 ≡ kA′αE2 ⇒ αE1 ∼ αE2.
Let E(M,A) denote the set of all similarity classes of Schreier extensions of an M -semimodule
A by M (see (4.22)) regarded as a pointed set with the distinguished element cl(0). By (4.24) and
(4.25), E(M,−) is a functor from the category of M -semimodules to the category of pointed sets
(if α : A −→ A′ is a homomorphism of M -semimodules, then E(M,α) : E(M,A) −→ E(M,A′) is
defined by E(M,α)(cl(E)) = cl(αE)).
If A is an M -module, then E1 ∼ E2 if and only if E1 ≡ E2, and hence E(M,A) coincides with
E (M,A).
For any M -semimodule A, Proposition 4.21, together with (4.8) and (4.23), yields a commuta-
tive diagram of pointed sets
E (M,A)
k∗A //
j &&▲▲
▲▲
▲▲
▲▲
▲▲
E(M,K(A))
E(M,A),
E(M,kA)
77♦♦♦♦♦♦♦♦♦♦♦
(4.26)
where E(M,kA), j and k
∗
A are defined by
E(M,kA)(cl(E)) = cl(kAE), j(cl(E)) = cl(E), k
∗
A(cl(E)) = cl(kAE).
Clearly, E(M,kA) is an injection (by 4.21) and j a surjection.
Before we continue, we note the following. Let A be an M -semimodule, f : M ×M −→ A a
2-cocycle and α : A −→ A′ a homomorphism of M -semimodules. Then
αEf ≡ Eαf ,(4.27)
where Ef and Eαf are the Schreier extensions corresponding to the 2-cocycles f : M ×M −→ A
and αf : M ×M −→ A′ (see 4.15). Indeed, there is a morphism of extensions
Ef : A
α

// κf // Bf
σf // //
β

M
1
M
Eαf : A
′ // καf // Bαf
σαf // // M, β(a, x) = (α(a), x),
which implies the desired congruence by Proposition 4.7. In particular, one has
kAEf ≡ EkAf .(4.28)
Theorem 4.29. Let M be a monoid. For any M -semimodule A there is a surjective map of
pointed sets
θ(M,A) : H2(M,A) −→ E(M,A), θ(M,A)(cl(f)) = cl(Ef ).
Furthermore, if A is a cancellative M -semimodule, then θ(M,A) is a bijection.
Proof. If two cocycles f, f ′ : M ×M −→ A are cohomologous, then so are kAf and kAf ′, and
therefore EkAf is congruent to EkAf ′ (see 4.12 and 4.16). This congruence, in view of (4.28),
yields a congruence kAEf ≡ kAEf ′ , whence, by Proposition 4.21, we conclude that Ef and Ef ′
are similar. Thus, θ(M,A) is well-defined. If E is a Schreier extension of A by M and f is one of
its factor sets (see 4.11), then Ef ≡ E (see 4.18), and therefore E ∼ Ef by (4.23). Hence, θ(M,A)
is a surjective map of pointed sets (θ(M,A)(cl(0)) = cl(E0) = cl(0) since E0 ∼ 0). Now suppose
that f1, f2 : M×M −→ A are 2-cocycles such that Ef1 ∼ Ef2 . This similarity, by Proposition 4.21
and (4.28), implies that EkAf1 ≡ EkAf2 . Hence, the cocycles kAf1, kAf2 : M ×M −→ K(A) are
cohomologous (see 4.12 and 4.17). If A is a cancellative M -semimodule, then the homomorphism
H2(M,kA) : H
2(M,A) −→ H2(M,K(A)), H2(M,kA)(cl(f)) = cl(kAf), is injective (see 3.10),
and therefore the 2-cocycles f1, f2 : M ×M −→ A are cohomologous as well. Thus, θ(M,A) is a
bijection of pointed sets for any cancellative M -semimodule A. 
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Note that the map θ(M,A) is functorial in A (by (4.23) and (4.27)) and so is the map ζ(M,A)
of Theorem 4.19 (by (4.27)).
Theorems 4.19 and 4.29, together with the commutative diagrams (3.11) and (4.26), yield a
commutative diagram
H2(M,A)
θ(M,A) //
H2(M,kA)

E(M,A)
E(M,kA)

H 2(M,A)
ζ(M,A) //
j2
ggPPPPPPPPPPP
k2Aww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦
E (M,A)
j
88♣♣♣♣♣♣♣♣♣♣♣
k∗A &&◆◆
◆◆
◆◆
◆◆
◆◆
◆
H2(M,K(A))
θ(M,K(A)) // E(M,K(A))
for any M -semimodule A. Here ζ(M,A) and θ(M,K(A)) are bijections, θ(M,A), j and j2 sur-
jections, and E(M,kA) is an injection. If A is a cancellative M -semimodule, then θ(M,A) is a
bijection and H2(M,kA) an injection, and if A is an M -module, then H
2(M,kA), j
2, k2A, k
∗
A, j
and E(M,kA) are all identity maps.
5. An application to group extensions
We end the paper with an application of H3(Π, A), where Π is a group and A a Π-semimodule,
to a certain group extension problem.
Recall [4, 10] that an abstract kernel is a triple (Π, G, ψ) in which Π and G are groups and
ψ is a homomorphism from Π to Aut(G)/In(G). The homomorphism ψ : Π −→ Aut(G)/In(G)
induces a Π-module structure on the centre C of G (xc = ϕ(x)c, x ∈ Π, c ∈ C and ϕ(x) ∈
ψ(x)), and this Π-module is called the centre of the abstract kernel (Π, G, ψ). Any extension
E : G // // B // // Π of groups gives rise, by conjugation in B, to a homomorphism ψ : Π −→
Aut(G)/In(G), called the abstract kernel of E. One says that an abstract kernel (Π, G, ψ) has
an extension if there exists an extension E : G // // B // // Π whose abstract kernel coincides
with (Π, G, ψ).
In [4], Eilenberg and Mac Lane showed that any abstract kernel (Π, G, ψ) with centre C de-
termines a well-defined 3-dimensional cohomology class Obs(Π, G, ψ) of Π with coefficients in C,
called the obstruction class of (Π, G, ψ), and proved
Theorem 5.1 ([4, Theorem 8.1]). An abstract kernel (Π, G, ψ) has an extension if and only if
Obs(Π, G, ψ) = 0.
It follows, in particular, that if the third cohomology group H3(Π, C) of a group Π with co-
efficients in a Π-module C vanishes, then any abstract kernel (Π, G, ψ) with centre C has an
extension.
Now suppose that C is the Π-module completion of a cancellative Π-semimodule A, i.e., A is
a Π-subsemimodule of the Π-module C and K(A) = C. Example 3.13 shows that it may happen
that H3(Π, A) = 0 while H3(Π, C) 6= 0. Hence, it may be useful to have the following immediate
consequence of Theorem 5.1.
Proposition 5.2. Let A be a Π-subsemimodule of a Π-module C such that K(A) = C. If
H3(Π, A) = 0, then any abstract kernel (Π, G, ψ) with centre C whose obstruction class Obs(Π, G, ψ)
contains a 3-cocycle of Π with values in A has an extension.
From now on, S denotes an additively written (non-abelian) monoid.
Every invertible element u of a monoid S induces, by conjugation with u, an inner automorphism
µu of S, µu(s) = u+ s− u, s ∈ S. The set In(S) of all inner automorphisms of S forms a normal
subgroup in the group Aut(S), and hence gives rise to the quotient group Aut(S)/In(S). If
φ : Π −→ Aut(S)/In(S) is a homomorphism of groups, then the centre A of S can be regarded as
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a Π-semimodule, xa = ϕ(x)a for any choice of automorphisms ϕ(x) ∈ φ(x), and this Π-semimodule
is said to be the centre of the homomorphism φ.
One says that a group G is a group of left fractions of a monoid S if S is a submonoid of
the group G and every element of G is expressible in the form −s1 + s2 with s1 and s2 in S.
Recall that a monoid S has a group of left fractions if and only if S is a cancellative monoid and
(S + s) ∩ (S + t) 6= ∅ for all s, t ∈ S (see e.g. [3]). A monoid satisfying these conditions is called
an Ore monoid.
Let S be an Ore monoid and let −S + S denote its group of left fractions. There is a group
homomorphism
ΦS : Aut(S)/In(S) −→ Aut(−S + S)/In(−S + S), ΦS(clϕ) = clϕ˜,
where ϕ˜ is the extension of ϕ ∈ Aut(S) to an automorphism of −S + S, ϕ˜(−s1 + s2) = −ϕ(s1) +
ϕ(s2), s1, s2 ∈ S. Consequently, every group homomorphism φ : Π −→ Aut(S)/In(S) with S an
Ore monoid provides us with the abstract kernel (Π, −S + S, ΦSφ). In addition, the centre of
the homomorphism φ is a Π-subsemimodule of the centre of (Π, −S + S, ΦSφ).
Proposition 5.3. Let A be the centre of a group homomorphism φ : Π −→ Aut(S)/In(S) with S
an Ore monoid. Then Obs(Π, −S + S, ΦSφ) contains a 3-cocycle with values in U(A).
Proof. In each automorphism class φ(x) select an automorphism ϕ(x); in particular, choose ϕ(1) =
1. Further, for each pair x, y ∈ Π, select f(x, y) ∈ U(S) such that ϕ(x)ϕ(y) = µf(x,y)ϕ(xy); in
particular, choose f(x, 1) = 0 = f(1, y). Applying ∼, we obtain ϕ˜(x)ϕ˜(y) = µ˜f(x,y)ϕ˜(xy), where
µ˜f(x,y) is the inner automorphism of −S + S induced by f(x, y). Then, by [4, 10], there is a
3-cocycle k of Π with coefficients in the centre of (Π, −S + S, ΦSφ) such that
ϕ˜(x)(f(y, z)) + f(x, yz) = k(x, y, z) + f(x, y) + f(xy, z)
for all x, y, z ∈ Π, and Obs(Π, −S+S, ΦSφ) = cl(k). Since ϕ˜(x)(f(y, z)) = ϕ(x)(f(y, z)) ∈ U(S),
we have k(x, y, z) ∈ U(S), whence we conclude that in fact the 3-cocycle k takes values in U(A). 
This proposition together with Theorem 5.1 implies
Corollary 5.4. Let A be a cancellative Π-semimodule. If H3(Π, A) = 0, then for any group
homomorphism φ : Π −→ Aut(S)/In(S) with S an Ore monoid and with centre A, the abstract
kernel (Π, −S + S, ΦSφ) has an extension.
This corollary is of some interest since it may happen that there is a cancellative Π-semimodule
A, with Π a group, such that H3(Π, A) = 0 while H3(Π, U(A)) and H3(Π,K(A)) both do not
vanish (see Example 3.13).
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